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Abstract. In this research, the Bayesian approach was employed to estimate the
parameters of the Gamma regression model in the presence of the multicollinearity
problem. As is well known, the Bayesian approach becomes inefficient in models
suffering from multicollinearity, as the estimated parameters tend to be inefficient.
Therefore, to enhance the performance of this approach, one of the penalization
techniques, namely the Elastic Net technique, was utilized to estimate the parameters of
the Gamma regression model under multicollinearity. The study aimed to investigate
the behavior of the Bayesian approach in parameter estimation when this technique is
applied, as well as to compare the proposed technique with classical methods. The
results demonstrated the superiority and effectiveness of the employed technique in the
estimation process. Simulation experiments were conducted in addition to real data
analysis by computing the mean squared error at different levels of correlation among
the independent variables and under varying sample sizes
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Introduction

Regression analysis is a fundamental statistical tool used to model and explain relationships
among variables. Typically, one variable is treated as the dependent variable, while the others
serve as explanatory variables. These relationships are formulated through linear or nonlinear
functions, and model parameters are estimated using appropriate statistical methods for
interpretation and prediction.

When the dependent variable is positive and follows a Gamma distribution, as in time,
biological, and engineering data, Gamma regression models within the framework of
generalized linear models (GLMSs) are appropriate. However, like other regression models,
Gamma regression suffers from several statistical issues, most notably multicollinearity
among explanatory variables, which leads to unstable estimates, inflated variances, and
reduced predictive performance[5 — 8].

To address this issue, regularization methods have been developed, among which the Elastic
Net technique combines the advantages of Ridge and Lasso regression to achieve both
shrinkage and variable selection. In parallel, the Bayesian approach provides a flexible
estimation framework by incorporating prior information and accounting for uncertainty.

Therefore, integrating the Elastic Net technique within the Bayesian framework offers an
effective approach for improving parameter estimation in Gamma regression models under
multicollinearity, enhancing estimation stability and predictive accuracy[1 — 3].

Research Problem

The Gamma regression model is one of the generalized linear models used when the
dependent variable follows a two-parameter Gamma distribution. The first parameter
represents the mean M;, which is expressed as a linear combination of the explanatory
variables through an appropriate link function, while the second parameter represents the
shape parameter @, which can also be modeled as a linear function of a set of covariates.
Although numerous studies have examined this model and proposed various methods for
estimating its parameters, the application of the Gamma regression model faces several
complex statistical challenges, most notably the problem of multicollinearity among the
explanatory variables[6].

3. Objective

This study aims to develop a hybrid estimation approach based on integrating the Elastic Net
technique within the Bayesian framework to improve the estimation of the parameters of the
Gamma regression model in the presence of multicollinearity among explanatory variables.
This hybridization seeks to exploit the shrinkage and variable selection properties offered by
the Elastic Net technique, while simultaneously benefiting from the probabilistic inference
capabilities provided by the Bayesian approach, thereby enhancing the stability of the
estimates and improving their predictive accuracy[18 — 19].

Furthermore, the study includes a comparative evaluation of the performance of the proposed
hybrid Bayesian model against several other estimation methods, particularly the standard
Bayesian method, the Maximum Likelihood method, and the Kibria—Lukman method[17], in
order to assess its efficiency in addressing multicollinearity and improving estimation quality
compared with both traditional and modern approaches.

4.GammaRegressionModel:

The Gamma regression model is considered one of the generalized linear models (GLMs)
proposed by Nelder and Wedderburn (1972). This model is regarded as an extension of the
general linear model, and it requires that the distribution of the response variable belongs to
the exponential family. The probability density function of the Gamma distribution can be
written as follows[17]:
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where o represents the shape parameter and A represents the scale parameter. The Gamma
distribution function can be reformulated in terms of the mean parameter and the shape
parameter as follows:

E(Y)=M=aA
We assume that the shape parameter can be expressed in the following form [9].
1 1

@:— = —
a_)a 0

The parameter @ denotes the shape (or dispersion) parameter. Substituting the parameter
a\alphaa into the mean function yields the parameter A, as given by:

M 17&
= — %
%)

A=M=x*x0O

Of course, the Gamma distribution function can be reformulated in terms of the two new
parameters as follows[16]:

1 1, Y
f(y,0,M) = ———Y0 e M8  Y>0 (2)
I'1(MQ)o
0
Following the reparameterization of the probability distribution function, the distribution can
be shown to belong to the exponential family, expressed as follows[9 — 12]:
YO — b(0)

(Yf 9, Q)) = exp ((X—

@ ) +c(y, 9)) (3)

Where
y: the response variable that belongs to the exponential family.

¢: represents the dispersion parameter (or shape parameter), which appears in distributions
that involve two or more parameters.

0: represents the location parameter or the canonical parameter.

a(): denotes a function depending on the dispersion parameter ¢.

b(0): denotes a function of the canonical (location) parameter.

c(y,9): a function of the observations yyy and the dispersion parameter ¢.

The Gamma probability distribution function (2) can be re-expressed in terms of the
exponential family function (3) as follows:

f(Y,0,0) = exp

?

Y
—— (=In(0 _
v~ (= In( ))+1 1) 1n(¢)_lnr<1> @

—rn 5 In(Y) — 5

where:

_1 B _ _1—(3 _ln((b)_ l
0= 17 -b(0) = ~In(M),a(@) = ~,c(3,®) = ——In(¥) - — 1nr( ¢)

The mean and variance of the Gamma distribution within the exponential family can be
expressed as follows:
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2
var(Y) = aab—e(ze)a((b) =b (8)a(@) = oM

Since the Gamma distribution is considered a member of the exponential family, link
functions are used to transform this distribution into a regression model. This is achieved by
modifying the location parameter, which represents the mean. Although the shape parameter
is often assumed to be constant in many studies, the present study assumes it to be variable.
Therefore, it is estimated in a manner similar to the location parameter. Two link functions
are employed: the first is an exponential link function for the mean parameter, and the second
is a natural link function for the dispersion (or shape) parameter. [13]

i = g(M;) = e*'F (5)
N2i = (@) = Z'y (6)
(Y0, Vs we s Yoo (,30, By een e , ﬁp): These are the vectors of regression parameters

corresponding to the mean and dispersion parameters
:g(M;): Link function for the mean (exponential link function).

h(®;): The link function for the shape (or dispersion) parameter is the natural link function

X; = (Xi1, Xz, e o, Xip) A vector of P independent variables.
Z; = (Zj1, Xiz) - ., Zig)' A vector of K independent variables.

Returning to the Gamma distribution function (2), it can be rewritten in terms of link
functions to transform it into a Gamma regression model, as follows:

1 Yi

: Y@ e ©)

f(y, X, v, B) = ;

G

The above equation can be simplified to obtain the following form:

1 ’
ol (77)s @) y(771) |yl Pens]
I

Z'y

fly,X,v,B) = (8)

Equation (8) is considered the final form after combining the Gamma distribution with a
linear regression model, resulting in a Gamma regression model. By maximizing the above
function, the maximum likelihood function can be obtained:

(45 s

e
Ly, X,v,B) = I Ty

z7y

y(77) | gz slrie ]

5- Estimates of the Gamma Regression Model Parameters
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he parameter estimates of the Gamma regression model are divided into two parts. The first part
involves estimating the model parameters using Bayesian estimators and the hybrid Bayesian
elastic-net technique, which is integrated within the Bayesian framework to address the
multicollinearity problem in estimating the parameters of the Gamma regression model. The second
part involves estimating the model parameters using the Kibria-Lukman method[11].

A- The Concept of Bayesian Theory

The concept of Bayesian theory is based on the assumption that the variables to be estimated are
random variables rather than fixed values. These variables are estimated using prior information,
also known as prior distributions, along with current information or observations. This information
is represented by the likelihood function, and by combining these two functions, the posterior
probability function is obtained[10].

In Bayesian theory, the prior distribution serves as the basis for estimating the primary variables,
relying on previous studies. Prior distributions are categorized into two types: unknown priors and
known priors. The posterior distribution, on the other hand, is defined as the function that
incorporates all information related to the variables to be estimated. It is determined by multiplying
the prior distribution of the variable by the likelihood function of the observations.

B- Using the Bayesian Approach to Estimate the Gamma Model

As previously explained in the concept of Bayesian theory, it relies on prior distributions for the
parameters. Since there are two types of priors—known priors and unknown priors—this study will
adopt Bayesian inference based on known prior distributions for the parameters. To assume a
known distribution for the parameters, it is necessary to select a distribution that closely resembles
the distribution of the dependent variable Y. Given that the dependent variable Y follows a Gamma
distribution, the chosen prior for the parameters should belong to the exponential family or be a
distribution defined over the positive domain. One of the most important such distributions is the
exponential distribution, which is considered the closest to the Gamma distribution, as it represents
a special case of the Gamma distribution. The exponential distribution function can be expressed as
follows: [7]

Y
BD)==e71 YA1>0 (10)

N

Returning to the estimates of the Gamma regression model based on Bayesian theory, which
assumes the existence of a prior distribution for the parameters, it is assumed that the
parameters follow an exponential distribution:

The main characteristics of the exponential distribution, represented by its mean and variance, can
be expressed as follows:

Among the most important properties of the exponential distribution are the mean and the
variance, which are expressed as follows:

m(Y) =1
var(Y) = A?
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Returning to the estimates of the Gamma regression model based on Bayesian theory, which

assumes the existence of a prior distribution for the parameters, it is assumed that the
parameters follow an exponential distribution:

B B _Pv
n(B)=Cle t,e %2, ... e M (1D

where C is a diagonal matrix of order (PxP), that is:

1

cC=|: - :
| 1]
l ApJ

B: the parameter vector (0,B1,...,pp).

Thus, to derive a prior distribution for the parameters, a transformation to an exponential
distribution is required. This is accomplished through a link function, specifically the
exponential link function, denoted by -n5;, which can be expressed as follows:

s = T(M) = eX'F) (12)

where:
T(M;)is the mean link function for the exponential distribution (the exponential link function);
ns; represents the linear predictors associated with the exponential distribution;

X; = (Xin, Xig) - ....,Xl-p)': is a P dimensional vector of independent variables

The exponential distribution function can be reformulated in the same manner as the Gamma
distribution. This can be illustrated by assuming that the parameter of the exponential
distribution, A, represented by the mean, can be reparameterized so that the exponential
distribution function is expressed in terms of the mean using the link function n5;. This can be
explained as follows:

M3 =M = 2= eX'P)

The exponential distribution function (10) can be reparametrized in terms of the model
parameters P as follows:

__1 B
f(X'ﬁ)_e(X’ﬁ)e e(X/ﬁ) (13)

Equation (13) represents the prior distribution of the model parameters f§. Equation (11) can
be reformulated in terms of Equation (13) as follows:

n(ﬁ) =C <e— e(x[j’lﬁl e e e(xff’ﬂp )) (14)
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Since C is a square matrix of order PxP, it can be represented in the following form:

1

e(X1’,31)
C= : :
1

l T e (X' By )J

In order to obtain the posterior distribution, according to Bayesian theory, the prior
distribution of the parameters is multiplied by the likelihood function, followed by
maximizing the resulting function, that is:

[ e o=t@rn-]]® (15)

This is done by multiplying the maximum likelihood function given in Equation (9) by the
prior distribution equation:

[ [evrr.x

i) NS R R P R
= Al miL, Y\2Y .e Zy ' 1_[<e(xlﬁ)e e(Xlﬁ))

Z'y

It can then be written in the following final form:

[ v

1 =Xyt _yn B
1) ' ] 1 1 -TE[YW +X ﬁ’] 1 Tim1 7
———|log (Z L — e Zy <—) X'B)
_ e[( 77y)'°8 Z'Y) n Y(Z'Y l)e Xpe o e (16)
I
z'y

Equation (16) represents the posterior probability density function of the parameter vector
Bas well as the parameter vector y. Accordingly, the hazard function can be expressed as
follows:

h(B,y/Y,X)
[1(B,v/Y,X)

T T TIBY K dgy e dyy

(7)

Equation (17) is referred to as the hazard function for the parameter vector . A point
estimate of the parameter vector can be obtained based on Bayesian theory, where the loss
function, previously defined as L=L(p",p). This point estimate is determined by finding the
values of § and y» that minimize the loss function. In other words:

MingE[L(B, B)] = Ming [ L(B, B) * p(B/Y)dB (18)
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It is worth noting here that, as mentioned earlier, the squared loss function will be used to
illustrate how this function operates in obtaining estimates for the regression model:

L(B.B) = (B-B) (19)
By taking the expectation of the previous equation:
EL(B.B)=E(B-B) (20)

After simplifying Equation (20), it takes the following form:

= (B = B) h(B/Y. X, 0)dg, ...dg,
= [ J (B = 2BB + BHR(B/Y, X, B)dp, ... dgy

= 27 . h(B/Y,X, ®)dp; ... dg, — 2B J 2 T2 B h(B/Y.X, @)dp: ... dgy
+ [ B2h(B/Y, X, B)dg, ... dg,

Since the first term is equal to one:

B2 h(B/Y, X, 0)dpy .. dg, = B2

As for the second term, it is equal to:

2B [ S B h(B/Y,X,0)dgy ...ds, = 2BE(B/Y, X, 0)
As for the third term, it is equal to:

J2 T 5 B*h(B/Y, X, B)dg, ...dg, = E(B?/Y,X,0)

After simplifying and evaluating the integrals for all terms, Equation (20) takes the following
form:

E(L(B,B) = P* —2BE(B/Y.X,0) + E(B?/Y,X,0) (21)

By differentiating E(L([?,,B)With respect to fand equating it to zero, it follows that:

OE(L(B,B)
op

After simplifying the function, a point estimate of the parameter vector is obtained:

=28 -2E(B/Y,X,0) =0

B=EB/Y.X,0) (22)

From Equation (22), it can be seen that the point estimate of the parameter  is optimal when
it coincides with the expected value of its posterior probability density function. That is, the
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Bayesian estimator of B, under the squared loss function, is equal to the mean of its posterior
distribution. The estimator takes the following form:

EB/Y.X,y) =] . [ B h(B/Y.X,0)dp; ...dg, (23)
1 2 ' " 1 1 E[Yie_x’ﬁ*-x'ﬁ] 1\ -~y (lelg)
<e[(‘ﬁ)l°g<z w]) . y#) e T ()
I

B [ee] [ee) m
_f _m..f 8 - 7 )

f ® f . (J(—%)log(Z’y)]) o Y(Z—}y—1)e—X}Be_z_’yz[ne-x’ﬁ+x’ﬁ]*(ﬁ)ne—&nﬂﬁ
—o " o | i=1

I

Z'y

The parameter y is estimated using the same approach as that employed for estimating B, as
described above.

W/ XB) = J B R(B/Y, X, ®)dy ...y (24)
/ " L yvieX'Bix'p n -x b
(A o) |t
I'a
f—oooo' ' f—ooooz chi n

1

— SrieX’ sn B
fjomfjom<w> 7'['in=1 Y(%_l) e _X}Be zly Z[Yle X B+X’B]*<6(X1’B))ne E‘{L=le(xlﬁ)

I

7'y

It is evident from the above formulation that obtaining Bayesian estimates is challenging due
to the presence of PPP integrals over the parameters f and 7y, which complicates the
computation of the Bayesian estimates. To address this issue, numerical methods are
recommended for obtaining the estimates, including the Metropolis-Hastings algorithm. The
Metropolis-Hastings algorithm is one of the Markov Chain Monte Carlo (MCMC) methods
and is particularly useful when sampling from the target probability distributions is difficult
or even impossible.

c- Elastic Net technique

In general, regularization in Gamma models plays a significant role in improving prediction
accuracy. The Elastic Net technique is an important form of regularized regression, proposed
by Zou & Hastie (2005) as an extension of the Lasso method, offering improved performance
over Lasso[16 — 18 — 19].

In order to integrate the Bayesian approach in estimating the parameters of the Gamma
regression model, after obtaining them according to the previous formulation (24) using the
Metropolis-Hastings algorithm as well as the Gauss-Hermite algorithm, the Elastic Net
method relies on the following formulation:

ISSN: 2960-1363 Vol. 03 No.03 9
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ming() (¥ = X'B)* + SP.(8)) 25)

Where P, represents the function of the parameters to be estimated, and it can be written as
follows:

P;

1—-1
Pf(ﬁ)=2(( - )/3,2+T|B,-|> (26)
i=1
Where
P;: represents the number of features to be estimated.
T :denotes a probability value bounded within the interval (0,1)(0,1)(0,1).
: ﬂf represents the Ridge penalty term.

| B;|:represents the Lasso penalty term.
:0: It represents the sum &; + &,, where )&, §,( denote the tuning and regularization parameters.

The value of 7 can be obtained through the following assumption

8,

= 27
Tt o, @7)
52
1-1=1-
' 5, + 0,
61 + 52 - 62
l-1=——-"—
61+ 6,
1o O 28
T+, (28)
Where the Elastic Net formulation is given as follows:
L(81,65,B) = |Y = X'BI* + &,1B1> + 6, 18] (29)

Where:

,
B =) 6
j=1
P
81= )18
j=1

The Elastic Net estimator is obtained by minimizing equation (29).
arg min{L (6, 65, B}

Belastic = B (30)

ISSN: 2960-1363 Vol. 03 No.03 10
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In order to adopt a Bayesian framework and integrate it with the Elastic Net technique, the
parameters ( &;,6,), representing the regularization and tuning parameters, are assumed to be
random variables and are estimated along with the model parameters 3, which are assigned a prior
distribution.

61/Bj~ exp(r1)
62/Bj~ exp(r2)

Where )r;, r,( denote the distributional parameters associated with the random variables (64,6,) ,
respectively.

Substituting into equation (26) yields P,(B), after the value of T has been determined using equation
27).

The Elastic Net technique represents a combination of the Lasso and Ridge models. Specifically,
setting t=0Oresults in the Ridge estimator, whereas setting 1=1 results in the Lasso estimator. For
implementing the Elastic Net in a Bayesian estimation framework, the following expression is
employed:

mingay O (% = X'Bpay)”+ 0P (Bray) (31)
Where:
(- 17)
Po(Bray) = ) ——— B? Bay + 1| Bay| (32)
i=1

Equation (32) represents the final estimates of the Elastic Net technique and is considered one of
the best estimators in the presence of multicollinearity. These estimates are obtained using the
Cross-Validation method.

D- The Kibria-Lukman Method

In recent years, several researchers have proposed modified ridge regression methods that
demonstrate reduced bias compared to conventional techniques. Notably, Kibria and Lukman
developed a modified ridge regression approach, which has prompted comparisons with this
modified method[17].

Along with several other methods in 2022, and to illustrate this approach, we proceed as follows:

Bexie = X'WiX + KDY (X' WX — KI) Buie (33)
= (F; +KD)(F; — KI)BMLE
= DKIBAMLE

:Byp denotes the maximum likelihood estimates, obtained via the weighted maximum likelihood
algorithm.

Dy =(F, + KI)(F, — KI).
ISSN: 2960-1363 Vol. 03 No.03 11
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K: denotes the bias parameter.
The variance-covariance matrix of this method can be calculated as follows:
COV(BGKLE) = COU(DKﬁMLE) (34)
= 6,DxF{ Dy’

In order to calculate the mean squared error (MSE), the minimum mean squared error (MMSE)
should be computed first.

MMSE(Bskir) = Cov(Bskir) + B(Bskir)B' (Bskir) (35)
= 6, D F{ ' Dy + 4K?*(F, + KD ™' BB’ ((F, + KDY’
= 61D1<'1F1_1DII<'

The estimator 6, can be computed according to the following expression:

: SAAAY
61=(n—p)—lz( — ) (36)

i=1

The mean squared error (MSE) is obtained by computing the trace of the MMSE matrix

MSE (Box1) = tr (MMSE(BGKLE)) (37)

= DKlFl_lD,Qtr(DKlFl_lD,'()

el

Zgl@l K2t ‘“(ZZ o k)2

=1
It should be noted that e can be computed according to the following expression:
ein = A Bure (38)

A’ corresponds to the matrix of eigenvectors of F; , whereas ¢, represents the eigenvalues of F, "
Following the same methodology, the parameter vy is estimated as follows:

Voxie = (Z'WoZ + KD)™H(Z'WoZ — KI)Pmie (39)
Regarding the variance-covariance matrix, its final form is expressed as follows:
Cov(Pkie) = 62Dk F5 ' Dy’ (40)

The final form of the mean squared error (MSE) is expressed as follows:

K

(&, — K)z
MSEFaris) =82 ). 2o Z ot 17 “o

ISSN: 2960-1363 Vol. 03 No.03 12
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The estimator 6, can be computed

n —~ 2
6, =(n—-K)"? Z (Y" % _¢f> (42)

i=1 J

Regarding the bias parameter K, there are several formulas used to calculate it. In this study, the
Horel-Kennard formula is employed, which can be expressed as follows:

0;
K; = 5 (43)

lmax

Similarly, the Hoe formula is written as follows

~

4]
él

)

~

K, = (44)

>

6- Simulation

section, we explain how to construct a Gamma regression model using simulation experiments
implemented in MATLAB, based on Monte Carlo experiments. The response variable
Y“’G(Ml‘,@j) is generated with two parameters: the mean parameter Mi, which is generated
using the link function M; = exp (X;B) ), and the shape parameter , which is generated using
the link function (@;) = Z;'y. The sample sizes are chosen as (100, 70, 50), and the correlation
levels are set to (0.9, 0.95, 0.99). The function used to generate the independent ariables is
[1—3—15]

Xij = (1 - pz)RU + pRiq i = 1,2, - ] = 1,2, . q (44)
where p denotes the degree of correlation among the independent variables, and R;;
represents the independent variables, which follow a standard normal distribution. The
parameter denotes the number of independent variables. Two models will be generated: the
first is based on three independent variables, and the second on five independent variables.
The model parameters are assigned assumed (preset) values for the Gamma regression model,
as shown in the following table.

model | Mean Parameter Shape parameter

Bo B1 Bz B3 Yo V1 V2 V3

Modell | 1.8 0.1 0.02 7.2 7.1 | 0.2 0.1 |19

Mean Parameter Shape parameter

model Bo p1 Bz Bg B4 Bs Yo Y1 Y2 V3 Ya Vs

Model2 | 0.17 | 0.02 | 0.06 | 0.21 | 0.01 | 0.06 | 0.21 | 0.04 | 0.07 | 0.35 | 0.21 | 0.08

Regarding the number of repetitions, the experiment will be repeated 1,000 times. The mean
squared error (MSE) is calculated according to the following formula:
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1000
R 1 A A
MSE(8) = 7552 > (B = B) (B, — B) (43)
r=1
After conducting the experiments based on the above information, the following results were

obtained:

A. First Model
Table (1) presents the Mean Squared Error (MSE)

n P KLM
K1 K2 Bay Bayeiastic
50 0.25 0.59 0.51 0.653 0.44
0.95 0.529 0.502 0.737 0.42
0.99 0.511 0.4 0.792 0.41
0.25 0.3876 0.356 0.56997 0.3332
0.95 0.3493 0.348 0.5786 0.2321
150 0.99 0.312 0.312 0.599 0.2152
250 0.25 0.244 0.249 0.245 0.234
0.95 0.242 0.235 0.456 0.173
0.99 0.221 0.221 0.496 0.123

From the above table, it can be observed that for the KLM model with two parameters (K1,
K?2), the mean values decrease as the correlation among the independent variables increases.
Similarly, the mean squared error decreases with increasing sample size. In contrast, for the
Bayesian approach, the mean squared error increases as the correlation among the
independent variables rises. Although the error decreases with larger sample sizes, it remains
generally higher compared to the other methods. As for the hybrid Elastic Net technique, it
achieved the best mean squared error values, with lower errors observed as the correlation
between variables increased and as the sample size grew, making it the most effective method
in minimizing error.

The Second Model

Table (2) presents the Mean Squared Error (MSE).

n P KLM
K1 K2 Bay Bayeastic
50 0.25 0.921 0.944 1.998 0.845
0.95 0.994 0.964 2.567 0.822
0.99 1.25 1.37 2.786 0.821
0.25 0.813 0.837 0.996 0.723
0.95 0.828 0.844 1.296 0.711
150 0.99 0.833 0.8562 1.456 0.707
250 0.25 0.536 0.535 0.859 0.545
0.95 0.581 0.581 0.876 0.522
0.99 0.553 0.586 0.889 0.501

From the above tables, it can be observed that the methods are affected by the increase in the
number of variables. For the KLM method, the mean squared error values increase with the number
of independent variables compared to the previous model. Moreover, the values rise as the
correlation among the variables increases. Regarding sample sizes, the MSE decreases with larger
sample sizes.
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For the Bayesian method, the approach is generally influenced by both the number of independent
variables and the correlation among them, showing the highest MSE values compared to the other
methods. However, the MSE decreases with increasing sample sizes.

As for the hybrid Elastic Net technique, it remains the best-performing method, achieving lower
MSE values compared to the other approaches. Although it is also affected by an increase in the
number of independent variables, the MSE decreases as the correlation among variables and the
sample size increase

7- Practical Aspect

Since the Elastic Net method performed best in the simulation study, it was applied to real data. The
data were collected from the City of Medicine Department, Hematology Center, from patients
diagnosed with beta-thalassemia, a type of Mediterranean anemia. The total number of observations
was 150. The dependent (response) variable in the study was bone age, measured in months.

Several independent variables believed to influence the response were selected after consultation

with specialized physicians and practitioners in thalassemia. Four variables were identified as
affecting the dependent variable, which also exhibited correlations among them, as follows

X1 Actual age (in months)

X2 Age at disease onset (in months)
X3 Liver enlargement (in centimeters)
X4 Blood hemoglobin

The data were tested to determine whether they follow a Gamma distribution using the
statistical software SPSS. The results are presented in the following figure.

Histogram and Fitted Gamma PDF

O pata
Fitted Gamma PDF

Probability Density

o 20 40 60 80 100 120 140 160 180
Data Values

Figure (1) illustrates the probability density function of the Gamma distribution for the
dependent variable (Y) based on the real data.

Chi-Square test was also conducted to assess the goodness-of-fit of the data to the Gamma
regression model. The test resulted in a p-value of 0.055741, indicating that the data are suitable for
the model.
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After confirming that the dependent variable follows a Gamma distribution and noting that the
independent variables exhibit multicollinearity, the mean of the model was calculated and compared
with the simulation results. The findings are as follows:

ok MSE Yo Y1 Y2 V3 Ya Bo b1 B B3 B
KLM(K1) | 0.391 0.699 | 0.006 | 0.084 0.0002 | 0.0006 | 0.698 | 0.006 | 0.084 | 0.0002 | 0.0005

KLM(K2) | 0.233 | 0.698 | 0.006 | 0.085 | 0.0002 | 0.0005 | 0.696 | 0.006 | 0.084 | 0.0002 | 0.0005

Bay 10.338 | 0.601 | 0.005 | -0.052 | 0.0002 | 0.0007 | 0.595 | 0.005 | 0.05 | 0.0002 | 0.0006

BQYoaetie | 0.124 | 0.628 | 0.006 | -0.062 | 0.0001 | 0.0005 | 0.626 | 0.005 | 0.06 | 0.0002 | 0.0006

Table (3) presents the parameter estimates and the mean squared error (MSE) of the model
based on the real data

From the above table, it can be observed that the hybrid Bayesian Elastic Net method
outperformed the other approaches. This demonstrates the efficiency of the technique in
estimating the parameters of the Gamma regression model in the presence of
multicollinearity.

8- Conclusions:

Based on the simulation results, it can be concluded that the KLM method with two bias parameters
is highly affected by the number of independent variables, as the error values increase with an
increasing number of variables. In contrast, the Bayesian approach is inefficient in estimating the
parameters of the Gamma regression model in the presence of multicollinearity, since the mean
squared error (MSE) increases with higher correlations among the variables. Furthermore, this
method is also significantly influenced by the number of independent variables.

On the other hand, the hybrid Elastic Net technique proves to be efficient in estimating the
parameters of the Gamma regression model under multicollinearity, as the MSE decreases with
increasing correlation among variables. Although it is also affected by an increase in the number of
independent variables, it generally outperforms the other methods. Overall, it can be concluded that
all methods are influenced by an increase in the number of independent variables due to the
expanding complexity of the relationships among variables; however, the hybrid technique remains
the most effective in estimating the Gamma regression model parameters in the presence of
multicollinearity.
9- Recommendations:
1. It is recommended to apply the hybrid technique to datasets affected by multicollinearity for
estimating the parameters of the Gamma regression model, considering it an efficient method.
2. It is recommended to hybridize other Bayesian approaches and compare them with traditional
methods for estimating the Gamma regression model parameters under multicollinearity
conditions.
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